In [14] , the second named author constructed the bracket invariant [·] of virtual knots valued in pictures (linear combinations of virtual knot diagrams with some crossing information omitted), such that for many diagrams K, the following formula holds: [K] = K, where K is the underlying graph of the diagram, i.e., the value of the invariant on a diagram equals the diagram itself with some crossing information omitted. This phenomenon allows one to reduce many questions about virtual knots to questions about their diagrams.
Recall that free knots are obtained from virtual knots if we omit the over/under information at crossings and replace the cyclic ordering with the cross structure. The parity allows one to realize the following principle for free knots [7] [8] [9] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] : If a free knot diagram is complicated enough then it realizes itself. The latter means that it appears as a subdiagram in any diagram equivalent to it. This principle comes from a very easy formula [K] = K, where K on the LHS is a (virtual or free) knot (i.e., a diagram considered up to various moves), and K on the RHS is a single diagram (the underlying graph) of the knot (in the case of free knots K = K), which is complicated enough and considered as an element of a linear space formally generated by such diagrams.
The bracket [·] is a diagram-valued invariant of (virtual, free) knots [7] [8] [9] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] , see Sec. 3.1. For us, it is important to know that 1) it is defined by using states in a way similar to the Kauffman bracket, 2) it is valued not in numbers or (Laurent) polynomials but in diagrams meaning that we do not completely resolve a knot diagram leaving some crossings intact.
It is important to note that for some (completely odd) diagrams, no crossings are smoothed at all. It is the first appearance of diagram-valued invariants in knot theory. For virtual knots, it allows one to make very strong conclusions about the shape of any diagram by looking just at one diagram.
Though there are non-trivial parities for classical knots, parity can be treated in terms of biquandle colourings, see Sec 2. Namely, there is a very simple biquandle which allows one to say whether a crossing is even or odd by looking at colours of edges incident to this crossing, see Sec. 3. Note that a parity is an invariant of crossings unlike biquandle colouring: if we apply the third Reidemeister move then the corresponding crossings before and after have the same parity, though their colours can differ drastically.
In the papers [25, 26] , (bi)quandles were used to enhance various invariants in the following way: we take some combinatorial scheme for constructing a knot invariant, for example, a quantum invariant, but we use different input data when dealing with crossings: we take into account the colours of the (short) arcs of the knot diagram. Hence, (bi)quandle colourings, though usually not being "invariants of crossings", turn out to be a very powerful tool for enhancing knot invariants.
The aim of the present paper is to bring together the ideas from parity theory [7] [8] [9] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] and the ideas from [25] and to construct the universal biquandle picture-valued invariant of classical and virtual links. The invariant is defined here by using state sums but, keeping in mind that there may be even and odd crossings (the latter not being resolved), we axiomatize the new invariant in such a way that it a priori dominates both the biquandle bracket and the parity bracket, thus being a very strong invariant of both virtual and classical links: it is at least as strong as the biquandle invariant for classical knots and at least as strong as the parity bracket for virtual knots.
Note that we do not know any partial examples of invariants for classical links, which are diagramvalued.
The paper is organised as follows. In the next section we give the main definitions concerning knots, biquandles and parity. In Sec. 3 we present a construction of a parity-biquandle bracket.
2 Knots, biquandle and parity
Knots
Throughout the paper we consider a knot from combinatorial point of view. Definition 2.1. A 4-valent graph is a finite graph with each vertex having degree four.
A 4-valent graph is called a graph with a cross structure or a framed 4-graph if for every vertex the four emanating half-edges are split into two pairs of half-edges (we have the structure of opposite edges).
Knots Links
Virtual knot and link In both cases we also admit diagrams which consist of disjoint unions of the above-mentioned diagrams and several circles with no vertices.
Remark 2.1. Every 4-valent graph is called a graph with a cycle order is a graph with the cross structure. Definition 2.2. By a (classical) link diagram we mean a plane 4-valent graph with a cycle order and over/undercrossing structure at each vertex. Half-edges constituting a pair are called opposite. A diagram is called oriented if each edge is oriented and opposite edges has the same orientation. The relation of half-edges to be opposite allows one to define the notion of unicursal component and to count the number of unicursal components of a link diagram, see Fig. 1 for classical knots (links with one unicursal component) and links. Vertices of a diagram are called crossings.
A virtual link diagram is a generic immersion of a 4-valent graph into the plane such that we have a cycle order and over/undercrossing structure at each vertex and mark each edge intersection by a circle, see Fig. 1 . For virtual links the definitions of components and of an oriented virtual link are the same as for classical links. Definition 2.3. A classical (virtual) link is an equivalence class of classical (virtual) diagrams modulo planar isotopies (diffeomorphisms of the plane on itself preserving the orientation of the plane) and Reidemeister moves (generalized Reidemeister moves). The generalized Reidemeister moves consist of usual Reidemeister moves referring to classical crossings, see Fig. 2 , and the detour move that replaces one arc containing only virtual intersections and self-intersections by another arc of such sort in any other place of the plane, see Fig. 3 .
An oriented classical (virtual) link is an equivalence class of oriented classical (virtual) diagrams modulo planar isotopies (diffeomorphisms of the plane on itself preserving the orientation of the plane) and oriented Reidemeister moves (oriented generalized Reidemeister moves), see Fig. 4 for Remark 2.2. It is worth saying that classical knot theory embeds in virtual knot theory [17, 22] and this fact is not trivial.
Biquandle
Definition 2.4. A biquandle [3, 5, 10, 12, 25, 26] is a set X with two binary operations •, * : X ×X → X satisfying the following axioms:
(R2) for any y ∈ X the maps α y , β y : X → X defined by α y (x) = x * y, β y (x) = x • y are invertible, i.e. for any z 1 , z 2 ∈ X there exist x 1 , x 2 ∈ X such that x 1 * y = z 1 , x 2 • y = z 2 , (R3) the map S : X × X → X × X defined by S(x, y) = (y * x, x • y) is invertible, i.e. for any (z, w) ∈ X × X there exists (x, y) ∈ X × X such that (y * x, x • y) = (z, w), (R4) the exchange laws hols:
If X and Y are biquandles then a biquandle homomorphism is a map f :
Definition 2.5. Let X ba a finite biquandle and L be an oriented link diagram with n crossings.
The fundamental biquandle B(L) of L is the set with biquandle operations consisting of equivalence classes of words in a set of generators corresponding to the edges of L modulo the equivalence relation generated by the crossing relations of L and the biquandle axioms:
A biquandle coloring (or an X-coloring) of L is an assignment of elements of X to the edges in L such that the crossing relations are satisfied at every crossing, i.e. it is a biquandle homomorphism f : B(L) → X. The set of biquandle colorings of L is identified with the set Hom(B(L), X) of biquandle homomorphisms from the fundamental biquandle of L to X. Remark 2.3. The biquandle axioms are the conditions required for every biquandle coloring of the edges in a knot diagram before a move and after the move, see Fig. 4 . Therefore, the number of biquandle colorings is an invariant.
Parity
Now we show that the Gaussian parity, see [7] [8] [9] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] , can be recovered from biquandle. First, we define a parity and Gauss diagram.
Let K be a (classical or virtual) knot. Let us define the category K of diagrams of the knot K. The objects of K are knot diagrams of K and morphisms of the category K are (formal) compositions of elementary morphisms. By an elementary morphism we mean
• an isotopy of diagram (a diffeomorphism of the plane on itself preserving the orientation of the plane);
• a (classical) Reidemeister move. Let us denote by V the vertex functor on K, i.e. a functor from K to the category, which objects being finite sets and morphisms are partial bijections. For each knot diagram K we define V(K) to be the set of classical crossings of K, i.e. the vertices of the underlying 4-valent graph. Any elementary morphism m :
Let A be an abelian group.
Definition 2.7.
A parity p on diagrams of a knot K with coefficients in A is a family of maps
, such that for any elementary morphism m : K → K ′ the following holds: The second oriented Reidemeister moves
The third oriented Reidemeister move Since Gauß time it is known that knots can be encoded by chord diagrams with certain additional information. If we view a knot diagram as an immersion of the circle into the plane, we can obtain a chord diagram by joining those points on the circle which are mapped to the same point under the immersion, by chords. Definition 2.8. A Hamiltonian cycle on a graph is a cycle passing through all vertices of the graph. By a chord diagram we mean a cubic graph consisting of one selected non-oriented Hamiltonian cycle (core circle or circle) and a set of non-oriented edges (chords) connecting points on the cycle, moreover, distinct chords have no common points on the cycle.
We say that two chords of a chord diagram are linked if the ends of one chord belong to two different connected components of the complement to the ends of the other chord in the core circle. Otherwise, we say that chords are unlinked. Remark 2.6. As a rule, a chord diagram is depicted on the plane as the Euclidean circle with a collection of chords connecting end points of chords (intersection points of chords which appear as artifacts of drawing chords do not count as vertices).
Having a knot diagram (classical or virtual) one can assign to it a chord diagram with an additional structure, the Gauss diagram [4, 27] . Definition 2.9. Let K be an oriented knot diagram. Let us fix a point on the diagram distinct from a vertex of the diagram. The Gauss diagram G(K) corresponding to K is the chord diagram consisting of the core circle (with a point, distinct from a vertex, fixed) on which the preimages of the overcrossing and the undercrossing for each crossing are connected by an arrow oriented from the preimage of the overcrossing to the preimage of the undercrossing. Moreover, each arrow is endowed with a sign equal to the sign of the crossing, i.e., the sign is equal to 1 for a crossing and −1 for a crossing .
The Gauss diagram of the right-handed trefoil is shown in Fig. 5 . . It is not difficult to rewrite the Reidemeister moves in the language of Gauss diagrams.
As a result, we can think of a knot as an equivalence class of Gauss diagrams modulo formal moves. If we consider an arbitrary chord diagram and try to depict a classical knot corresponding to it (for any orientation and signs of chords) then, in many cases, we shall fail, see [1, 2, 13, 28] . Let us consider the chord diagram D depicted in Fig. 6 . It is easy to see that there is no knot diagram such that Gauss diagram of which is D for whatever choice of orientations and signs of chords [11] .
Admitting arbitrary chord diagrams (with arrows and signs) as Gauss diagrams and the Reidemeister moves as moves on all chord diagrams, we exactly get a new theory, the theory of virtual knots [4] .
Let us consider some examples of parities for some knot theories. Parities were first constructed for free knots (a simplification of virtual knots, at each crossing we remember only the structure of opposite edges). Statement 2.1 (see [17] ). The map gp is a parity for virtual knots. .
(an odd crossing).
The following theorem follows from a direct check.
Theorem 2.1. The map bp is a parity and coincides with the map gp. The first example of the parity bracket appeared in [14] . That bracket was constructed for the Gaussian parity and played a significant role in, for instance, proving minimality theorems, reducing problems about diagrams to questions about graphs etc. Also the bracket was generalised for the case of graph-links, see [6] , and allowed the authors to prove the existence of non-realisable graph-links, for more details see [6] .
In this subsection we consider the parity bracket for any parity valued in Z 2 (see [7] [8] [9] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] ). This bracket is a generalisation of the bracket from [14] . 2) L ⊔ = αL.
Consider the linear space Z 2 G α .
Remark 3.1. It is worth saying that the recognition problem is easy solvable when we have only second Reidemeister moves. Indeed, each equivalence class of 4-valent graphs with cross structure has a unique minimal representative which can be obtained from any representative of this graph by a "monotonous descent algorithm."
Let K be a virtual knot, p be a parity on diagrams of K with coefficients from the group Z 2 , and K be a diagram of K with V(K) = {v 1 , . . . , v n }. For each element s = (s 1 , . . . , s n ) ∈ {0, 1} n we define K s to be equal to the sum of 2 l graphs obtained from K by a smoothing, the positive smoothing → or the negative smoothing skcrossr → ) at each vertex v i if s i = 1, where l is the number of 1 in the (s 1 , . . . , s n ). Define 
Remark 3.2. In fact, in the definition of the parity bracket we take only those summands where even crossings are smoothed. Theorem 3.1 (see [7] [8] [9] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] ). If two virtual knot diagrams K and K ′ represent the same knot then the following equality holds in Z 2 G: 
The biquandle bracket
Let us recall a key example from [25] . Let L be an oriented virtual link diagram and let us colour its edges by a finite biquandle (X, •, * ) (in [25] • and * are denoted by and ⊲ respectively). Further, we fix a commutative ring R with unity and denote the set of units of R by R ′ . Then for such a colouring we can get the following set of skein relations: (we disregard virtual crossings and consider the resulting states as collections of intersecting curves on the plane).
Here A, B : X × X → R ′ and A x,y = A(x, y), B x,y = B(x, y). In order that the skein relations give us a link invariant we have to consider two distinguished elements δ ∈ R being the value of a simple closed curve (virtual crossings are disregarded) and w ∈ R ′ being the value of a positive kink (w −1 being the value of a negative kink) and A, B, δ, w should satisfy the following relations: for ∀ x, y, z ∈ X. Definition 3.3. A pair of maps A, B : X × X → R together with elements δ ∈ R and w ∈ R ′ satisfying the above relations is called a biquandle bracket (or an X-bracket).
Let L be an oriented (virtual) link diagram with n crossings and let B(L) = x 1 , . . . , x 2n | CR, R1, R2, R3, R4 .
be its fundamental biquandle. There are 2 n states of L, i.e. at each crossing we have either the positive smoothing or the negative smoothing (we disregard virtual crossings). For each state we have the product of n factors of A ∓1
x,y , or B ∓1 x,y times δ k , where k is the number of circles in the state. Definition 3.5. Let X be a finite biquandle, f ∈ Hom(B(L), X) be an X-coloring and β be an X-bracket. We set the value of the fundamental biquandle bracket value in f for β to be β(f ) ∈ R.
The biquandle bracket multiset of L is the following multiset:
Theorem 3.2 (see [25] ). The biquandle bracket multiset and the biquandle bracket polynomial are invariants of virtual links.
The parity-biquandle bracket
Now we are going to bring together the two main ideas: picture-valued invariants and biquandle brackets. For this we will make a distinction between different types of crossings and, having this in mind, instead of the two states we consider three states by adding the state with a graphical vertex. Moreover, the value of the biquandle bracket will be an equivalence class of linear combination of 4-valent graphs with some coefficients in a commutative ring R with unity. Let L be an oriented virtual link diagram. Let us consider the following set of skein relations: Our purpose is to write down a whole set of relations such that the skein relations give rise to a picture-valued link invariant. Let us again consider two distinguished elements δ ∈ R being the value of a simple closed curve (virtual crossings are disregarded) and w ∈ R ′ being the value of a positive kink (w −1 being the value of a negative kink) and, moreover, diagrams having graphical vertices are considered modulo the second Reidemeister moves, see Fig. 7 . The value of the new bracket lies in the module RG δ .
Let us apply skein relations to the oriented Reidemeister moves, see Fig. 4 . As a result we will get some relations on the coefficients.
The first Reidemeister moves give us the following relations:
for ∀ x ∈ X, see Fig. 8 . The first two versions of second Reidemeister moves, in which the strands are oriented in the same direction, give us the following relations:
for ∀ x, y ∈ X, see Fig. 9 .
The last two versions of second Reidemeister moves, in which the strands are oriented in opposite directions, give us the following additional relations: for ∀ x, y ∈ X, see Fig. 10 .
The third Reidemeister moves give us the following relations: for ∀ x, y, z ∈ X, see Fig. 11, 12 .
As a result, we get the following definitions (cf. [25] ). Let L be an oriented (virtual) link diagram with n crossings and let be its fundamental biquandle. There are 3 n states of L, i.e. at each crossing we have either the positive smoothing, or negative smoothing, or the graphical vertex (we disregard virtual crossings). For each state we have the product of n factors of A x,y , or B x,y , or C x,y , or D x,y , or E x,y , or F x,y times a 4-valent graph with a cross structure. Definition 3.6. The fundamental parity-biquandle bracket value for L is the sum of the contributions times w −wr(L) , where wr(L) is the writhe number of L.
Definition 3.7. Let X be a finite biquandle, R be a commutative ring with unity. Let f ∈ Hom(B(L), X) be an X-coloring and a sequence of maps β = (A, B, C, D, E, F ) , A, B, C, D, E, F : X× X → R, with distinguished elements δ ∈ R and w ∈ R ′ satisfy the following relations: for ∀ x, y, z ∈ X.
Here A x,y = A(x, y), B x,y = B(x, y), C x,y = C(x, y), D x,y = D(x, y), E x,y = E(x, y), F x,y = F (x, y).
We set the value of the fundamental parity-biquandle bracket value in f for β to be β(f ) gr ∈ RG δ . The parity-biquandle bracket multiset of L is the following multiset:
X,gr (L) = {β(f ) gr |f ∈ Hom(B(L), X)}. Proof. Let L 1 is obtained from L 2 by a Reidemeister move. It follows from Def. 2.4 that the fundamental biquandles B(L 1 ) and B(L 2 ) are isomorphic and to each biquandle coloring f 1 ∈ Hom(B(L 1 ), X) of L 1 it is associated the biquandle coloring f 2 ∈ Hom(B(L 2 ), X) of L 2 . Then using relations from Def. 3.7 we get that β(f 1 ) gr = β(f 2 ) gr . 
